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* Elementary row operations
e Row/column space
e Rank and nullspace



Exercise

e |f either A or B (both square matrices) are
not invertible, can AB be invertible?
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Exercise

L I

11.5 Inverse of a block matriz. Consider the (n + 1) X (n + 1) matrix

where a is an n-vector.

(a) When is A invertible? Give your answer in terms of a. Justify your answer.

b) Assuming the condition you found in part (a) holds, give an expression for the inverse
g y g
matrix A~ L.
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Solving systems of equations
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Solving systems of equations
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~ Echelon form roud
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Echelon form
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Row reduction algorithm

EXAMPLE 3 Apply elementary row operations to transform the following matrix
first into echelon form and then into reduced echelon form:
0O 3 -6 6 4 =5
A - |3 =7 8§ =5 8 9
3 -9 12 -9 6 15

SOLUTION

STEP 1

Begin with the leftmost nonzero column. This is a pivot column. The pivot
position is at the top.

PIVO'\ pos.
oL 3 -6 6 4 -5
3\ -7 8 —5
3/1-9 12 -9 6 15

Pivot column
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Row reduction algorithm

STEP 2

Select a nonzero entry in the pivot column as a pivot. If necessary, interchange
rows to move this entry into the pivot position.

Interchange rows 1 and 3. (We could have interchanged rows 1 and 2 instead.)

Pivot
3 12 -9 6 15
3 8 —5 8 9
O 3 -6 6 4 =5

—9
—7



Row reduction algorithm

STEP 3

Use row replacement operations to create zeros in all positions below the pivot.

As a preliminary step, we could divide the top row by the pivot, 3. But with two 3’s in
column 1, it is just as easy to add —1 times row 1 to row 2.



Row reduction algorithm

STEP 4

Cover (or ignore) the row containing the pivot position and cover all rows, if any,
above it. Apply steps 1-3 to the submatrix that remains. Repeat the process until
there are no more nonzero rows to modify.

With row 1 covered, step 1 shows that column 2 is the next pivot column; for step 2,
select as a pivot the “top” entry in that column.

Pivot
3 -9 |12 -9 6 15
=10 —4 4 2 —6
0 -6 6 4 -5
1

L New pivot column

For step 3, we could insert an optional step of dividing the “top” row of the submatrix by
the pivot, 2. Instead, we add —3/2 times the “top” row to the row below. This produces

3 -9 12 -9 6 15 ,
0 2 —4 4 —6 dene
0 0 0 0 4

4 ]Vo*



Row reduction algorithm (reduced
echelon form)

STEP 5

Beginning with the rightmost pivot and working upward and to the left, create
zeros above each pivot. If a pivot is not 1, make it 1 by a scaling operation.

The rightmost pivot is in row 3. Create zeros above it, adding suitable multiples of row
3torows 2 and 1.

3 -9 12 -9 0 -9 < Row 1 + (—6) -row 3
0 2 —4 4 0 —14 < Row 2 + (=2) -tow 3

o o o o 4

The next pivot is in row 2. Scale this row, dividing by the pivot.

3 -9 12 -9 0 -9
0 -2 2 0 -7 <— Row scaled by

o o o0 o0 1 4

N | —

Create a zero in column 2 by adding 9 times row 2 to row 1.

'/5 t 0O -6 9 0 =72 <« Row 1 + (9) -row 2
a -2 2 0 -7
O O O 0 | 4



Row reduction algorithm (reduced
echelon form)

Finally, scale row 1, dividing by the pivot, 3.

0 1|1—2 0 —24 <— Row scaled by 1 B
0(M|-2
O0/]01 O

This is the re ﬁuced echelon form of the original matrl
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Row and column spaces
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Column space, rank, nullspace
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Column space, rank, nullspace
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Invertibility and elementary

operations
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