
P and NP

Lecture 13
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P=NP?

• We talked about machines that accept sets of strings

• Best to think of a language in terms of a YES/NO 
question

• P = YES/NO questions that can be answered in 
polynomial time in input size (algorithm)

e.g. is this array sorted? O(n) time

is N prime? (log N bits input)
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P=NP?
• NP= Non-deterministic Polynomial Time

• Something to do with Non-Deterministic TM

• YES/No problems where YES instance can be verified 
in polynomial time

e.g. is this array sorted? verify by running O(n) algorithm

or something not so clear how to find from scratch: does this 
graph have Hamiltonian cycle?

We do not know if this is in P. 

Can check short proof = Non-deterministic choices.
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P=NP?
• Asymmetry: how can I convince you that there is 

no Hamiltonian cycle?

we don’t know! check all n vertex cycles.

NP only requires that if the answer is YES I can convince 
you in polynomial time.

If answer is NO : ummm…

If problem is in P?
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P=NP?
• Million Dollar question:  P=NP?

• of course not!

• Clay math institute: 7 most important problems.

• P = NP is number 1. ($1M)

• it would imply: If there is a short proof, there is an 
easy way to discover it… Trivialize math.
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Exercise

Show that NP is the set of decision problems solvable 
in poly time by a non deterministic TM. 



Problem in NP
• Problem in NP. It is the “worst problem” in NP
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Circuit Satisfiability: 
Given a boolean circuit are there inputs the produce output 1?

Obvious O(2nn) algorithm, brute force
Best known algorithm O(2n/n)



Problem in NP
• Problem in NP. It is the “worst problem” in NP
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If I can solve CircuitSat in P, 
then every other problem in NP has 

a polynomial time algorithm!
Levin, Cook



Cook Levin
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Cook-Levin Theorem: 
CircuitSAT is NP-hard.

Cook-Levin Theorem: 
If CircuitSAT in P then P=NP



Cook Levin Proof? Non-
deterministic TMs
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input tapeproof tape

work tape

Build a circuit that simulates that TM

Verify if input is YES in p time =
is there a string to put in the proof tape to make this TM 

to accept in poly time?



Cook Levin Proof? Non-
deterministic TMs
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Cook Levin Proof? Non-
deterministic TMs
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t=0

t=0

t=0

proof input

0/1

is there a
fix



Mickey Mouse Diagram
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Problem is NP hard if a poly time algorithm for that problem 
implies P=NP.



CircuitSAT NP Hard
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Every NDTM that accepts some language, equivalent to a circuit. 
If I can solve CircuitSat in poly time, 

then I can solve any other problem in NP

Step 1: Build giant circuit
Step 2: pass it to the CircuitSAT algorithm
Step 3: profit
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CircuitSAT

Mickey Mouse Diagram



NP hardness
• Assume P≠NP

• Then NP hard means no polynomial time algo!

• Example of reduction: formula SAT

• The only problem we know is NP hard is 
CircuitSAT, so let’s reduce from that.
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Formula SAT
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Input: boolean formula 
Want to decide if there is an assignment to the 

variables that make it TRUE

Assume, towards contradiction that SAT can 
be solved in poly time



NP hardness
• Poly time reduction from CircuitSAT.

• If there is a poly time algorithm to solve formula 
SAT, then there is poly time algorithm to solve 

CircuitSAT
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Formula SAT

25

I am given input a circuit and I want to produce an 
equivalent formula. 

How is the circuit given?
Name the inputs, wires, output.
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I am given input a circuit and I want to produce an 
equivalent formula. 

How is the circuit given?
Name the inputs, wires, output.

Formula SAT



NP hardness
• There are inputs to the circuit that force z t be true if 

and only if there are values to these variables that 
make the expression true

• I have reduced CircuitSat to formula SAT

• Proof?  2 stages

• Stage 1: Suppose I can satisfy the circuit, then I can 
find corresponding values for all the wires, same 

values satisfy the formula

• Stage 2: Suppose I can satisfy the formula, I can pull 
those values to the wires
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NP hardness
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• If there is a poly time algorithm to solve formula 
SAT, then there is poly time algorithm to solve 

CircuitSAT
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NP hardness
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How to prove NP hardness
• To prove X is NP-hard:

• Step 1: Pick a known NP-hard problem Y

• Step 2: Assume for the sake of argument, a 
polynomial time algorithm for X.

• Step 3: Derive a polynomial time algorithm for Y, 
using algorithm for X as subroutine.

• Step 4: Contradiction
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Reduce Y to X

Reduce FROM the problem 
I know about 

TO the problem 
I am curious about



NP hardness
• Library of NP-hard problems

CircuitSAT

SAT

?
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Let’s assume the problem is easy 
and see what ridiculous consequences follow



3SAT
• Look at boolean formulas in CNF

32

Parse tree:

a  ¬b  c

3SAT: exactly three 
literals per clause!



NP hardness
• Poly time reduction from CircuitSAT.

• If there is a poly time algorithm to solve formula 
3SAT, then there is poly time algorithm to solve 

CircuitSAT
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